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We theoretically investigate the generation of microscopic atomic NOON states, corresponding to
the coherent |N, 0〉+ |0, N〉 superposition with N ∼ 5 particles, via collective tunneling of interact-
ing ultracold bosonic atoms within a symmetric double-well potential in the self-trapping regime.
We show that a periodic driving of the double well with suitably tuned amplitude and frequency
parameters allows one to substantially boost this tunneling process without altering its collective
character. The time scale to generate the NOON superposition, which corresponds to half the
tunneling time and would be prohibitively large in the undriven double well for the considered
atomic populations, can thereby be drastically reduced, which renders the realization of NOON
states through this protocol experimentally feasible. Resonance- and chaos-assisted tunneling are
identified as key mechanisms in this context. A quantitative semiclassical evaluation of their impact
onto the collective tunneling process allows one to determine the optimal choice for the driving
parameters in order to generate those NOON states as fast as possible.
I. INTRODUCTION
NOON states attracted considerable attention in the
quantum physics community during the past decades.
They can be seen as specific examples for Schro¨dinger
cats featuring a coherent superposition of macroscopi-
cally different quantum states [1]. Most generally, they
are realized within bosonic two-mode systems and cor-
respond to the superposition eiϕ1 |N, 0〉 + eiϕ2 |0, N〉 of
the two quantum states |N, 0〉 and |0, N〉 where one of
the modes is populated with N quanta while the other
one is empty. While being an important resource for
quantum information processing, the giant entanglement
that is inherent in those NOON states renders their ex-
perimental realization notoriously difficult. Impressively
large NOON states with N ≤ 10 quanta were neverthe-
less created with qubits in superconducting circuits [2],
with photons [3] as well as with phonons in ion traps [4],
to mention some examples.
The realization of NOON states with ultracold bosonic
atoms is of particular interest as it enables the creation of
Schro¨dinger cats made of massive matter. A key feature
of atoms is that they generally interact with each other.
Rather than being a nuisance, the presence of atom-atom
interaction can be seen as an important asset since it al-
lows one to conceive protocols for the generation of the
NOON superposition that are based on the internal dy-
namics of the atomic gas. Quite straightforwardly, for
instance, the ground state of an attractively interacting
gas of bosonic atoms within a perfectly symmetric dou-
ble well potential is a NOON state where all atoms are
located in the same (left or right) well. If attractive inter-
actions are to be avoided due to the enhanced instability
of the atomic gas, one can resort to a two-component
Bose gas with an important inter-component interaction
strength, which also features a NOON state as ground
state [5]. However, preparing such ground states through
cooling techniques is a rather challenging task since ex-
tremely low temperatures are required in order to distill
the symmetric NOON superposition |N, 0〉+ |0, N〉 with
respect to its nearly degenerate antisymmetric counter-
part |N, 0〉 − |0, N〉. As an alternative to ground-state
cooling, a number of dynamical schemes have been pro-
posed in order to create a NOON state with ultracold
bosonic atoms. A widely discussed scenario consists in
inducing a suitable phase shift between the two wells of a
double well potential hosting a Bose-Einstein condensate
of repulsively interacting atoms. The subsequent dynam-
ical redistribution of atoms between the wells will, after a
specific evolution time, give rise to NOON superpositions
with a fairly decent purity [6–9]. Other interesting pro-
posals are based on well-designed measurement schemes
to distill the NOON superposition [10, 11], on generat-
ing the NOON superposition via an adiabatic passage
through an excited-state quantum phase transition [12],
on two-component Bose-Einstein condensates in double
well potentials [13] or on splitting processes of solitonic
wave packets transporting attractively interacting atoms
[14, 15].
A conceptually simple and hence rather appealing pro-
tocol, which was also discussed in Ref. [16], consists in
preparing a Bose-Einstein condensate in one of the two
wells of a perfectly symmetric double well potential and
then waiting until it starts tunneling to the other well.
This protocol would have to be implemented in the so-
called self-trapping regime [17–19] where the (repulsive)
atom-atom interaction is so strong as compared to the
inter-well hopping that the atoms are inhibited to go to
the other well individually, due to a mismatch of their
chemical potentials in the two wells, and can only tun-
nel there in a collective manner, by means of a quantum
sloshing process as it was termed in Ref. [16]. A nearly
perfect NOON state is then realized at half the time that
it takes to undergo a complete tunneling process of the
condensate to the other well. The main drawback of this
proposal, besides the requirement of perfect symmetry, is
that the evolution time scale needed to reach this NOON
state is extremely long, such that it would most generally
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2exceed the typical decay time of the condensate due to
three-body collisions.
In this paper, we show how to substantially speed up
this quantum sloshing process and hence also the produc-
tion of NOON states by subjecting the double well poten-
tial to a periodic shaking. The amplitude and frequency
of this shaking are to be chosen such that a significant
layer of chaotic motion is induced within the classical
phase space of the mean-field dynamics within this two-
mode system, without appreciably altering the classical
orbits that support the |N, 0〉 and |0, N〉 states. The tran-
sition matrix element between these two quantum states
is then drastically enhanced owing to chaos-assisted tun-
neling [20–24] which proceeds via a perturbative coupling
of the “regular” |N, 0〉 and |0, N〉 states to the manifold
of “chaotic” states that are strongly connected with each
other due to the presence of the periodic driving. This
regular-to-chaotic coupling can be further boosted by the
presence of one or several important nonlinear resonances
in the classical dynamics [25, 26], thereby giving rise to
a combination of resonance- and chaos-assisted tunnel-
ing [27–31]. As we demonstrate below, NOON states
can thereby be generated at drastically reduced evolu-
tion time scales, and this without notably affecting their
purity.
Our paper is organized as follows. Section II is de-
voted to the description of the physical system under con-
sideration, namely ultracold bosonic atoms trapped in a
double-well potential. The notions of NOON state and
NOON time are introduced. In Section III, the presence
of a periodic shaking of this double potential is consid-
ered. We show that this periodic shaking gives rise to an
enhancement of tunneling due to chaos- and resonance-
assisted tunneling. In Section IV we show that it is also
possible to drastically decrease the NOON time in the
near integrable regime, where chaos is not present.
II. NOON STATES IN THE TWO-MODE
BOSE-HUBBARD MODEL
The physical framework consists in ultracold bosonic
atoms contained in a double well potential. The latter
can be experimentally realized through an optical lat-
tice restrained to two sites by means of an additional
harmonic confinement [19] or through superlattice tech-
niques [32]. These two sites are coupled with each other
through J , the hopping parameter. The on-site two-body
interaction U tends to localize atoms on a specific site. If
the temperature is sufficiently low, the system stays on
the lowest energy band, featuring one orbital per lattice
site, and the Hamiltonian reads
Hˆ0 =− J(aˆ†1aˆ2 + aˆ†2aˆ1) +
U
2
(aˆ†1aˆ
†
1aˆ1aˆ1 + aˆ
†
2aˆ
†
2aˆ2aˆ2).
(1)
The panel (a) of the figure 1 displays a numerical
simulation of the in-situ measurement of the atoms in
Figure 1. Sequential (a) and collective tunneling (b and
c) of ultracold bosonic atoms in a double-well potential, in
the absence (a and b) and in the presence (c) of a periodic
driving. In the upper panels (a-c), a measurement process of
the number of atoms within individual wells is numerically
simulated for various evolved times, based on the numerical
time evolution generated by the Hamiltonian (7). The lower
panels (d-f) represent the corresponding phase spaces in the
mean field approximation (see Eqs. (4) and (5) or the Hamil-
tonian (10)). The population imbalance and the phase differ-
ence between site 1 and 2 are respectively z = (N1 − N2)/2
and φ = θ1 − θ2. The red trajectories are the classical coun-
terparts of the upper quantum dynamics. (a,d) In the ab-
sence of interaction, tunneling occurs one by one, leading to
Josephson oscillations. (b,e) In the presence of interaction
(U = 20J), collective tunneling takes place, but on a very
long time scale, τ = 6.0 × 105~/J . The phase space displays
two qualitatively different dynamics, namely Josephson os-
cillation for low population imbalances and self-trapping for
high population imbalance. (c,f) In the presence of a peri-
odic shaking characterized by an amplitude δ/J = 19.5 and a
frequency ~ω/J = 20, collective tunneling occurs on a much
shorter time scale, τ = 1.9×102~/J . The presence of a central
chaotic layer and a 1:4 resonance roughly situated at z = ±2
is able to explain the decrease of the NOON time.
3the left and right well, as a function of evolution time.
This calculation was done with the initial condition |0, 5〉
i.e. with 5 particles, all of them on site 2. For a non-
interacting gas (U/J = 0), this initial state gives rise to
individual atomic transfer in a periodic way (panel (a) of
the figure 1) known as the Josephson oscillations. In this
case, the NOON state does not occur.
For a sufficiently high ratio U/J , all five atoms ini-
tially stay localized on site 2 in the so called self-trapping
regime. Indeed, the mismatch between the chemical po-
tentiels of the two sites inhibits individual transfer of
atoms from the state |0, 5〉 to the other states (see panel
(b) of the figure 1). On a very long time scale, giant
transfer of matter through collective tunneling will nev-
ertheless take place due to the quasidegeneracy between
the symmetric and the antisymmetric superposition of
|0, Np〉 and |Np, 0〉 (with Np = 5, the total number of
particles), whose eigenvalues are respectively + and −.
This process occurs through a NOON state, meaning that
the wavefunction can be written as
|NOON〉 = cos
(
∆
2~
t
)
|0, Np〉+ i sin
(
∆
2~
t
)
|Np, 0〉 (2)
with ∆ = −−+, the level splitting. The expression (2)
is an approximation that neglects the perturbative ad-
mixture of the other states |1, 4〉, |2, 3〉, |3, 2〉 and |4, 1〉.
The time needed to obtain a perfectly balance superpo-
sition between the two quasimodes |0, 5〉 and |5, 0〉 reads
τ =
pi~
2|∆| . (3)
For Np = 5, U/J = 20 and δ/J = 0 (panel (b) of the
figure 1), the numerical result gives τ = 6.0 × 105~/J .
This NOON time can be expressed in physical units
for the atomic species 87Rb characterised by a mass
m = 1.443×10−25kg and a s-wave scattering length as =
5.313nm. If the optical lattice is produced by a laser with
the wavelength λ = 1064nm, we obtain ~/J = 4.4×10−3s
and the NOON time becomes τ = 2.6 × 103s (see Ap-
pendix A for the derivation). This time is prohibitively
large in comparison with the typical lifetime of a conden-
sate in an optical lattice equivalent to roughly 10s [33].
The situation gets worse for an even larger number of
particles, and this in a dramatic manner: with the same
lattice parameters, we obtain τ = 2.2× 105s for Np = 6,
and τ = 2.3 × 107s for Np = 7. This is not surprising
as the NOON time is expected to increase exponentially
with the number of particles.
A semiclassical analysis can help to understand this
phenomenon. The individual transfer of particles be-
tween sites in the Josephson regime is a classical transi-
tion successfully described by the Gross-Pitaevskii equa-
tion. The latter fails to reproduce the collective transfer
of particles. The lower panels of figure 1 show the phase
spaces related to the quantum numerical simulations in
the corresponding upper panels. The red curves represent
the classical tori on which the symmetric and antisym-
metric combination of |0, 5〉 and |5, 0〉 are anchored. In
the mean field approximation, we can extract the discrete
Gross-Pitaevskii equation from the Hamiltonian (1) [17]:
i~
∂ψ1
∂t
= −Jψ2 + U |ψ1|2ψ1 (4)
i~
∂ψ2
∂t
= −Jψ1 + U |ψ2|2ψ2 (5)
In this framework, a condensate amplitude can be associ-
ated to the site 1 and 2, ψ1,2 =
√
N1,2 + 1/2 e
iθ1,2 where
Nj and θj are respectively the number of particles and
the phase of the site j. The transformation to (z, φ) coor-
dinates following z = (N1−N2)/2 and φ = θ1−θ2 enables
to introduce the Hamiltonian related to the equations (4)
and (5),
H0(z, φ) = Uz
2 − 2J
√
(NQ/2)
2 − z2 cosφ, (6)
with NQ = Np + 1 [17].
For a non-interacting gases all initial conditions give
rise to Josephson oscillations (panel (a) of figure 1) while,
for finite U/J 6= 0, self-trapping and Josephson oscil-
lation coexist in the phase space [17] (panel (e) of the
figure 1). The mean-field approximation (4) and (5) is
able to characterize those two classical regimes, but fails
to reproduce the collective tunneling that takes place in
the self-trapping regime in the panel (b) of the figure 1.
For this a quantum or a semiclassical approach is needed
to model the giant transfer of matter that takes place
through tunneling across the dynamical barrier. This
gives rise to an exponential scale of the NOON time with
Np, which explains why this time is so large.
III. CHAOS- AND RESONANCE-ASSISTED
TUNNELING
The NOON time can be significantly reduced by means
of a periodic driving. In this case, the system is no longer
integrable meaning that chaos and nonlinear resonances
can emerge from the phase space. As an abundant liter-
ature suggests it [25–27, 29–31, 34, 35], these two struc-
tures and their positions in the phase space have a huge
impact on the dynamical tunneling, whose inherent time
can be reduced by several orders of magnitude.
A specific driving which effectively corresponds to a
periodic tilting of the double well potential is introduced
through
Hˆ(t) = Hˆ0 + δ cos(ωt)(aˆ
†
1aˆ1 − aˆ†2aˆ2). (7)
In a time periodic system, the Floquet theory [36] is
a suitable framework to compute the quasienergies, ±,
in order to determine the NOON time (see (3)). Any
state |φ(t)〉 can be decomposed in the time-periodic ba-
sis {|uσν (t)〉 = |uσν (t+ 2pi/ω)〉},
|φ(t)〉 =
∑
σ=±
Dσ∑
ν=1
cσν (t0) e
− i~ σν (t−t0) |uσν (t)〉, (8)
4with cσν (t0) = 〈uσν (t0)|φ(t0)〉. D± are respectively the di-
mension of the symmetric and antisymmetric blocks such
that D+ +D− is the Hilbert space dimension of the un-
perturbed system. The eigenvalue Schro¨dinger equation
reads [36] (
Hˆ(t)− i~∂t
)
|uσν (t)〉 = σν |uσν (t)〉. (9)
The solution of the Fourier series of this equation leads
to the quasienergies σν and the Floquet eigenstates, in
terms of the Fourier coefficients of |uσν (t)〉.
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Figure 2. The NOON doublet in the Floquet spectrum,
as a function of the driving amplitude. Panel (a) represents
a block of the periodic Floquet spectrum (with even-parity
levels being marked in black and odd-parity levels in red),
panel (b) displays a zoom of this block and panel (c) shows
the NOON time calculated from the panel (b) and the relation
(3). The minimal τ appears roughly in δ/J ' 19.5, which was
used to produce the panels (c,f) of the figure 1. This result is
robust in a sense that a range between δ/J ' 12 and 22 can be
chosen to observe the reduction by several orders of magnitude
of the NOON time. Parameters: Np = 5, U/J = 20 and
~ω/J = 20.
The panels (c,f) of the figure 1 represent the same
lattice parameters as in panels (b,e) of the same fig-
ure except that this system is periodically perturbed
(δ/J = 19.5 and ~ω/J = 20). The upper and lower mar-
gins of these phase space plots are very similar as they
displays both a self-trapping structure, while the center
of (f) is dominated by a large chaotic sea. This promi-
nent chaotic sea, which is characterized by an admixture
between the quasimodes |1, 4〉, |2, 3〉, |3, 2〉 and |4, 1〉 fa-
cilitates the transition from |0, 5〉 to |5, 0〉. Moreover, a
1:4 resonance in z1:4 ' ±2 is symmetrically located be-
tween the quasimodes |0, 5〉 and |1, 4〉, making easier a
transition to the chaotic sea. These two new structures
in the phase have an impact on the splitting that deter-
mines the NOON time τ = 1.9 × 102~/J . For 87Rb and
the experimental parameters mentioned in the previous
section, this NOON time amounts to τ = 0.84s. The
qualitative dynamics is the same as in the unperturbed
system (panel (b) of the figure 1), but the external shak-
ing is able to reduce by more than three orders of mag-
nitude the NOON time. This time can be compared to
the period T = 2pi/ω = 1.4×10−3s of the driving, mean-
ing that the system must carry out roughly 600 cycles to
reach the NOON state.
An analysis of the phase space gives valuable infor-
mation for the optimal choice of the external frequency
leading to a significant increase of tunneling. A quan-
titative insight into the role of ω can be obtained from
the mean-field Hamiltonian related to the phase space
displayed in the panel (f) of the figure 1,
H(z, φ, t) = H0(z, φ) + 2δ cos (ωt) z. (10)
The following strategy is adopted to determine the choice
of the external frequency. Firstly, a range of ω can be
chosen in order to create a central chaotic layer (see the
panel (f) in comparison with the panel (e), both in the
figure 1). Then, a more refined analysis is needed in
order to act on the tunneling of a specific pair of quasi-
modes. Owing to the periodicity of the perturbation in
the Hamiltonian (10), the phase space can be represented
through a stroboscopic section. If this perturbation is not
too strong, the Kolmogorov-Arnold-Moser theorem [37–
39] states that tori with incommensurable winding num-
bers α = ω/Ω, with ω the frequency of the driving and Ω
the frequency of the torus, will be preserved. Conversely,
the Poincare´-Birkhoff theorem states that the tori with
commensurable α = r/s, with integer r, s, will be de-
stroyed and will lead to nonlinear resonances with r pairs
of stable and unstable fixed points and chaos close to the
unstable fixed points [37–39].
The location of a nonlinear resonance can be precisely
determined by means of classical perturbation theory. In
the phase spaces of the figure 1, the torus z(φ) is char-
acterized by the action variable I = 1/(2pi)
∫ 2pi
0
z(φ)dφ.
For δ = 0, the canonical perturbation theory [39] at the
order 1 (valid for NQU/J  1 and for high population
imbalances) gives rise to
z(φ) ' I + J
(UI)
√
(NQ/2)
2 − I2 cosφ (11)
and the new Hamiltonian
H0(I) ' UI2. (12)
That enables to compute analytically the frequency of
the tori via the relation ~Ω = dH0(I)/dI ' 2UI. The
destroyed tori display a commensurable winding number
5α = ω/Ωr:s = r/s where Ωr:s ' 2UIr:s/~ is the frequency
of the destroyed torus. The external frequency that must
be applied in order to build a r:s resonance characterised
by an action Ir:s (meaning that the resonance will be
roughly situated in z = Ir:s) is obtained through the
relation
~ω =
r
s
2UIr:s. (13)
This relation is sufficient to find a suitable resonant fre-
quency that decrease the NOON time. ~ω/J = 20 pro-
duces a 1:4 resonance in z1:4 ' 2 that is symmetrically
located between |5, 0〉 and |4, 1〉. Moreover, the inter-
play between the 1:1 resonance in z1:1 ' 0.5 and the
central island gives rise to the chaotic layer as displayed
in the panel (f) of figure 1. The Appendix B presents
semiclassical evaluations of the NOON time in the near-
integrable regime and in the mixed regime by taking
into account the presence of the chaotic sea. Note that
even though chaos- and resonance- assisted tunneling is
able to reproduce the order of magnitude of the NOON
time, this semiclassical theory is not sufficiently precise
for experimental predictions, and a pure quantum analy-
sis becomes necessary. Indeed, the semiclassical estimate
τ = 1.4×102~/J (see Appendix B) must be compared to
the exact NOON time τ = 1.9 × 102~/J obtained with
our numerical simulations.
In order to find an optimal value of δ, all the other
parameters are fixed and the NOON time is computed
as a function of δ. The panel (c) of the figure 2 suggests
that the minimum NOON time is reached for δ/J ≈ 19.5.
This result is robust meaning that there is a range be-
tween approximately δ/J = 12 and 22 where the de-
crease of the NOON time is observable. This range be-
gins roughly at a level repulsion near δ/J = 10 for which
the doublet of the symmetric and antisymmetric combi-
nation of |0, 5〉 and |5, 0〉 is crossed by the antisymmetric
combination of |1, 4〉 et |4, 1〉 (see dashed line of figure
2). After that, the splitting gains several orders of mag-
nitude. The more δ/J is increased, the more the chaotic
sea is large. For δ/J > 25, the quasimodes |0, 5〉 and
|5, 0〉 begin to be diluted in the central chaotic layer. Be-
yond this point, the notions of splitting and NOON time
are no longer meaningful.
In view of these latter considerations, a legitimate pre-
occupation could be the implication of the external driv-
ing on the purity of the NOON state. Indeed, the driving
tends to decrease the NOON time, but tends also to in-
crease the admixture between the NOON state and the
other quasimodes. To obtain a time-independent indica-
tor of the purity of the NOON state, a simplified defini-
tion of the purity,
p = M0 +MNp , (14)
based on the overlap
Mn =
1
T
∑
σ=±
∫ T
0
|〈n,Np − n|uσν (t)〉|2 dt. (15)
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Figure 3. Overlap between the quasimodes |n,Np − n〉 (n =
0, 1, 2, 3, 4, 5) and the Floquet eigenstate according to the re-
lation (15). Even for the perturbed system (panel (b)), the
two-level approximation can still be justified (see equation
(2)) as M0 = MNp ≈ 0.5. The lower part displays the de-
tection probabilities knowing that the system is prepared in
|0, 5〉. While the left panels shows the unperturbed case, the
right panels display the situation with a frequency ~ω/J = 20
that produces a chaotic layer and a 1:4 resonance (see panel
(a) of the figure 1).
is introduced. The panel (b) of the figure 3 suggests that
the resulting purity is roughly equal to p = 0.99. So the
two level approximation seems still holding. Neverthe-
less, it is true that the introduction of the perturbation
decreases the purity as this one is better than p = 0.999
for the unperturbed case (see panel (a) of the figure 3).
The lower row of figure 3 shows that the time evolution
of the transition probabilities can be described in terms
of two-states dynamics in both cases.
As pointed out in the previous section, the splitting
between two related quasimodes is known to decrease
exponentially with Np, leading to an exponential increase
of the NOON time. This is also the case for δ 6= 0, but
the increase is not so extreme. In figure 4, Np is increased
while keeping the nonlinear parameter (Np + 1)U/J and
~ω/J constant. From an experimental point of view,
this particular scaling can be achieved by an adaptation
of the lattice parameters without the need of modifying
as. Keeping the nonlinear parameter constant enables to
preserve the same phase space for δ = 0.
Figure 4 represents three phase spaces for Np = 5, 6,
7 with δ/J = 19.5, 50, 44 respectively, which correspond
to the minima of the NOON time τ . For Np=6 and 7,
the NOON states (in red) appear to be inside the chaotic
region. However, they are still isolated from the chaotic
part of the Floquet spectrum by the presence of an im-
portant partial barrier in the phase space [22, 23, 31].
As shown in the table I, the NOON time with a pertur-
bation increases with Np as expected. Nevertheless, this
6increase is slowed down in comparison to the one in the
unperturbed case. In addition to reducing the NOON
time, the external perturbation is also able to decrease
the slope of τ as a function of Np (see table I). Resonance-
and chaos-assisted tunneling therefore opens interesting
perspectives to create increasingly big entangled states.
Figure 4. Evolution of the phase space with Np. The non-
linear parameter (Np + 1)U/J and ~ω/J are kept constant in
order to preserve the phase space for δ = 0. δ/J is chosen such
that a minimum of the NOON time is reached for Np = 5, 6,
7. We choose δ/J = 19.5, 50, 44 respectively. Note that for
Np = 6 and 7 the NOON states (highlighted in dashed red
on the phase space) are separated by a partial barrier of the
chaotic sea.
Np τδ=0(~/J) τδ 6=0(~/J) pδ 6=0
5 6× 105 1.9× 102 0.988
6 2.3× 107 5.5× 102 0.968
7 9.2× 108 1.4× 103 0.987
Table I. Comparison of the behaviours of the NOON time as
a function of the total number of particles Np in the unper-
turbed and perturbed systems. The NOON time is expected
to exponentially increase with the semiclassical parameterNp.
The third column shows that this increase is softened by the
external perturbation, suitably tuned in order to reach a min-
imum of the NOON time. These minima are obtained at
δ/J = 19.5, 50, 44 for Np = 5, 6, 7 respectively. As shown in
the fourth column, the purities stays reasonable in the per-
turbed case.
IV. NOON STATE IN THE NEAR
INTEGRABLE REGIME
As discussed above, the presence of chaos tends to de-
crease the purity, even though this one remains reason-
ably good as shown in the figure 3 and in the table I. It is
therefore interesting to point out that chaos in the phase
space is not necessarily required to decrease the NOON
time. This section is devoted to the study of the effect of
nonlinear resonances without chaos on the NOON time.
The left column of the figure 5 displays a 2:1 resonance
located in z2:1 ' 1.5. The transition of |5, 0〉 to the oppo-
site part of the phase space is facilitated by the coupling
with the quasimode |3, 2〉. By means of the relation (13),
the external frequency that must be applied amounts to
~ω/J = 120. A procedure similar to the one used in the
figure 2 enables to determine δ/J = 75. With a NOON
time τ = 2.4 × 103~/J (and for 87Rb, τ = 11s), the re-
duction is effective but limited while keeping an excellent
purity (see last panel of the left column of the figure 5).
Indeed, we obtain p ' 0.999, which is, from this point
of view, an improvement in comparison with the mixed
regular-chaotic case (see right column of figure 3).
It is actually possible to produce a NOON state in
the near-integrable regime with the same time scale as
in the mixed regular-chaotic case (see panels (c) and (f)
of the figure 1), namely by tuning the driving frequency
to an exact resonance in the quantum Floquet spectrum.
However, some new complications arise. As an example,
a transition between |0, 5〉 and |5, 0〉 can be enhanced by
means of a 1:1 resonance situated in z = 2 (see right
column of the figure 5). In this case the coupling matrix
element with the quasimodes |1, 4〉 and |4, 1〉 is enhanced.
In order to have a maximal effect, i.e. the lowest tunnel-
ing time τ , we obtain δ/J ≈ 12 in that case. For this
value, the coupling between |0, 5〉 and |1, 4〉 is so strong
that the dynamics must modelled by four-level oscilla-
tions (the system is initially in |0, 5〉):
|φ(t)〉 '
cos
(
Ωs
2
t
)[
cos
(
Ωf
2
t
)
|0, 5〉 − i sin
(
Ωf
2
t
)
|1, 4〉
]
− i sin
(
Ωs
2
t
)[
cos
(
Ωf
2
t
)
|5, 0〉 − i sin
(
Ωf
2
t
)
|4, 1〉
]
(16)
The system presents two different frequency scales given
by
~Ωs =
+4 − −3 + +2 − −1
2
(17)
~Ωf =
+4 − −2 + +3 − −1
2
(18)
with −1 < 
+
2 < 
−
3 < 
+
4 and where we assume 
+
4 −
−3 ' +2 − −1 . The central panel of the right column
of the figure 5 displays the probabilities of measuring
the different site populations knowing that the system
is initially in |0, 5〉. For this particular combination of
parameters (U/J = 20, δ/J = 12 and ~ω/J = 80), the
two doublets which mainly contribute to the dynamics
present the following energy values:
+4 = 200.435J
−3 = 200.419J
+2 = 199.767J
−1 = 199.754J.
7Each of these four levels corresponds to a strong admix-
ture between 1/
√
2(|0, 5〉±|5, 0〉) and 1/√2(|1, 4〉±|4, 1〉).
They determine the characteristic times of the slow os-
cillations τs = pi/(2Ωs) = 112.3 ~/J and the fast oscilla-
tions τf = pi/(2Ωf ) = 2.357 ~/J . The former time scale
determines the time required to produce a NOON state,
i.e. the NOON time. For experimental parameters of
87Rb, the NOON time becomes τs = 0.49s, which cor-
responds to the NOON time scale of the mixed regular
case (see panel (c,f) of the figure 1).
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Figure 5. NOON states in a near integrable regime, for
U/J = 20. (a,b) Stroboscopic sections of the phase space.
(c,d) Admixtures of quasimodes. (e,f) Time evolution of the
detection probabilities. The left column represents the case
where a 2:1 resonance situated near in z2:1 = 1.5 couples the
quasimodes |5, 0〉 and |3, 2〉 (δ/J = 75 and ~ω/J = 120) while
the right column represents the case where the 1:1 resonance
located in z1:1 ' −2 couples the quasimodes |0, 5〉 and |1, 4〉
(δ/J = 12 and ~ω/J = 80). For the latter, the two levels
approximation does not hold and the dynamic takes place
on two time scales (see relation (16) with the panels (d) and
(f)). For the 2:1 resonance case, the NOON time is given by
τ = 2.4 × 103~/J , with an excellent purity p = 0.999, while
τs is equal to 112.3 in the 1:1 case.
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Figure 6. Zoom around τs on the detection probabilities for
the 1:1 resonance case (see panel (d) of the figure 5). Even
though this configuration is not able to produce a perfectly
unbiased NOON state (P|0,5〉 = P|5,0〉 = 0.5), a slightly biased
NOON state with almost no impurity, i.e. P|0,5〉 + P|5,0〉 ' 0
and P|0,5〉 − P|5,0〉 = 8.5 × 10−3, can be realized by choosing
the measurement time slightly larger than τs = 112.3, namely
tm = 113.25.
In order to obtain a perfectly balanced NOON state
without impurities, i.e. with P|0,5〉 = P|5,0〉 = 0.5, on
time τs, the frequency ratio Ωf/Ωs must by divisible
by four according to the relation (16). Fine tuning of
the amplitude of the driving δ is a way to achieve this
purpose, but this may become very difficult in prac-
tice. Alternatively, if Ωf/Ωs is not exactly a multi-
ple of four (such as Ωf/Ωs = 47.62 in our case), it
is possible to create a NOON state without impurities
(P|0,5〉 +P|5,0〉 = 1), but with a small bias between P|0,5〉
and P|5,0〉. By inspecting the zoom around τs shown in
the figure 6, the measurement time, tm, can be chosen
”by hand” in order to meet these criteria. For example,
if we choose a tm = 113.25 slightly larger than τs, we ob-
tain P|0,5〉 ≈ P|5,0〉 ≈ 0.5 with P|0,5〉−P|5,0〉 = 8.5× 10−3
and P|4,1〉 ≈ P|1,4〉 ≈ 10−3. Knowing that Ωf ≈ 0.03ω,
the control of the measurement time tm must be precise
on the time scale 10T , with T = 2pi/ω, in order to reach
a precision on τf .
V. CONCLUSION
In summary, this paper presents numerical evidence
that microscopic NOON states can be realized on a re-
alistic time scale with ultracold bosonic atoms trapped
in a double well potential. The production of a giant
entangled state in a double well potential through collec-
tive tunneling displays a major obstacle, namely a very
large NOON time exceeding the life time of a conden-
sate. This obstacle can be bypassed by an external per-
turbation. While the NOON time is prohibitive in the
unperturbed case, the addition of a periodic shaking en-
8ables to lower the NOON time by several orders of mag-
nitude. The resonant parameters for both the amplitude
and the frequency of the driving can be understood and
fixed through chaos- and resonance-assisted tunneling.
The combination of a central chaotic sea and nonlinear
resonances correctly placed in the phase space is able
to facilitate the transition through the dynamical barri-
ers. In particular, the paper showed that it is possible to
reach, for five particles, the coherent superposition be-
tween |0, 5〉 and |5, 0〉 after a time scale of ∼1s, while
keeping a relatively good purity of roughly 99 percents.
Moreover, the slope of the NOON time as a function
of Np is lower compared to the unperturbed case. This
opens perspectives for realizing Schro¨dinger cat states
with an increasing number of atoms.
Another important obstacle that we did not discuss
here is to maintain a nearby perfect symmetry between
the two sites of the optical lattice on a time scale of sec-
onds. A small shift due to, for example, gravity can
introduce a perturbation larger than the matrix element
coupling |Np, 0〉 and |0, Np〉, which could inhibit the col-
lective tunneling. One way to overcome this problem
could be to employ a time crystal for which the sym-
metry is guaranteed by construction [40]. Specifically,
on could consider that the atoms are on a ring-shaped
trap in a rotational state, which is generated by a 2:1
resonance via an external driving, i.e., all atoms are pre-
pared within one a the two rotational motion states that
are stabilized by the 2:1 resonance of the driving. Af-
ter the NOON time, the coherent superposition occurs
between this initial state and the opposite one on the
ring-shaped trap. Further studies could be done in this
direction in order to meet the experimental challenge for
achieving the perfect symmetry.
We thank A. Ba¨cker and R. Ketzmerick for useful dis-
cussions and for having welcomed G.V. on a research stay
in their Computational Physics group at TU Dresden.
Financial support from the Belgian F.R.S.-FNRS (FNRS
aspirant grant for G.V.) is gratefully acknowledged.
Appendix A: Parameter evaluation
The NOON times presented in the figure 2 are dimen-
sionless. It is possible to calculate an approximate time
in physical units based on some assumptions. The Hamil-
tonian of a single particle trapped in a homogeneous 1D
optical lattice surrounded by an harmonic confinement
reads
H = − ~
2
2m
∆ + V0
~2k2
m
(1− cos(kx)) + 1
2
mω2⊥(y
2 + z2).
(A1)
If the oscillations inside the well are small, an harmonic
approximation can be made and the ground state on site
l reads ϕl(~r) = ϕ(~r − l 2pik ~ex) with
ϕ(~r) =
1√√
piσ
exp
(
− x
2
2σ2
)
1√
piσ⊥
exp
(
−y
2 + z2
2σ2⊥
)
,
(A2)
σ = 1/(kV
1/4
0 ) and σ⊥ =
√
~/(mω⊥). Still in the har-
monic approximation, the longitudinal trap frequency
takes the following form ω|| =
√
V0~k2/m. The evalu-
ation of the on-site interaction is given by [41]
U ' g
∫
R3
|ϕ(~r)|4d3r = 2~ω⊥kas
√√
V 0
2pi
, (A3)
with as the s-wave scattering length, g = 4pi~2as/m and
ω⊥ the transverse trap frequency. A semiclassical eval-
uation (by means of WKB theory) of the transmission
coefficient through a potential barrier for a particle in its
ground state gives rise to the hopping parameter [42]
J =
~ω||√
epi
exp
(
2
~
∫ pi/k
a
√
2m(V (x)− E0)
)
(A4)
=
√
V0
epi
~2k2
m
exp
(
−2
√
2V0
∫ pi
arccos η
√
η − cosφ dφ
)
,
(A5)
with η = exp
(
− 1
4
√
V0
)
− 1
4
√
V 0
. By assuming ωT =
ω||, V0 can be determined by solving
U
J
=
√
2e
√
V0kas exp
(
2
√
2V0
∫ pi
arccos η
√
η − cosφ dφ
)
.
(A6)
The energy scale is then obtained by means of the rela-
tions (A3) or (A5).
The wavelength of the laser is assumed to be equal
to λ=1064 nm with k = 2pi/d = 2pi/(λ/2) = 2kϕ (d is
the distance between two wells and kϕ the frequency of
the laser photons). The s-wave scattering length and the
mass of 87Rb are as = 5.313nm and m =1.443×10−25kg
respectively. The solution of (A6) for U/J = 20 gives
V0 = 0.8586. That leads to ω|| = ω⊥ = 9.4× 104s−1 and
~/J = 4.4 × 10−3s. A harmonic approximation of the
band energies takes the form En =
√
V0(n+ 1/2)~2k2/m
with n the band index. Knowing that the strength of the
potential is 2V0 ≈ 1.7, the wells have the lowest energy
band near E0 ≈ 0.46~2k2/m.
The role of the nonlinear resonances and chaos is strik-
ing concerning the diminution of the NOON time. We
obtain τ(δ/J = 0) ' 2.6× 103s for the unperturbed sys-
tem whose phase space is displayed in the panel (e) of
the figure 1, τ(δ/J = 19.5) ' 0.84s for the 1:4 resonance
with the chaotic layer (panel (c) and (f) of the figure 1),
τ(δ/J = 75) ' 11s for the case with the 2:1 resonance
(left column of the figure 5) and τs(δ/J = 12) ' 0.49s
for the case with the 1:1 resonance (right column of the
figure 5).
9Appendix B: Semi-classical evaluation of the NOON
time
In the framework of resonance-assisted tunneling, the
dynamics near a r:s resonance can be approximated by
a pendulum, whose the classical Hamiltonian is written
[31]
H(r:s)res (I, θ) =
(I − Ir:s)2
2mr:s
+ 2Vr:s(I) cos(rθ + φ1). (B1)
Vr:s is the potential amplitude of the pendulum, Ir:s its
action, mr:s its effective mass and φ1 is an arbitrary
phase. The coupling matrix elements between quasi-
modes are introduced by means of a semi-classical quan-
tization of H
(r:s)
res .
〈n− r|Hˆ(r:s)res |n〉 = Vr:s e−iφ1
(
~
Ir:s
)r/2√
n!
(n− r)! (B2)
In the integrable case, the two symmetric parts are
connected by a prominent central island (see panel (c)
of figure 1), which produces the unperturbed splittings,
∆
(0)
n = |(0)−n − (0)+n |. The question is how the
r:s resonance influences the tunneling between the two
symmetry-related parts of the phase space. For Np = 5,
there are 3 quantum eigenstates (n = 0, 1, 2) within each
symmetry subspace, knowing that the NOON state refers
to n = 2. The quantum perturbation theory in the near-
integrable regime gives rise to [31]
∆n ' ∆(0)n + |An,n−r|2∆(0)n−r, (B3)
An,n−r = 〈n− r|Hˆ
(r:s)
res |n〉

(0)
n − (0)n−r − s~ω
. (B4)
The r:s = 2:1 case (see the left column of the figure 5)
fulfills the assumption. The amplitude V2:1 = 0.0239 and
the action I2:1 = 1.5014 are directly extracted from the
phase space. The unperturbed energies from the anti-
symmetric block are used in the denominator of (B4) (it
could have been the symmetric block). The semiclassical
evaluation of the NOON time reads
τ =
pi~
2∆2
' 3.8× 103 ~/J, (B5)
compared to the exact NOON time τ = 2.4× 103 ~/J .
In a mixed regular-chaotic system, the chaotic sea,
which can be seen as the phase-space regions where the
quasimodes are strongly mixed, must be taken into ac-
count. In this context, the chaotic part of the spectrum
can be modeled by the Gaussian orthogonal ensemble
(GOE), and one can show that the level splittings are
statistically distributed according to a Cauchy distribu-
tion [24]. By defining a suitable cutoff, one can show
that the logarithmic mean 〈∆〉g = exp(〈ln ∆〉) is given
by [31]
〈∆〉g = 2piV
2
eff
~ω
, (B6)
with Veff the effective coupling matrix element between
the NOON state and the chaotic sea.
An additional ingredient is needed in order to ac-
curately describe the tunneling process in the mixed
regular-chaotic case, namely the presence of partial barri-
ers [21, 22, 31], which tile the chaotic sea into subregions
that are not well connected. For example, the homo-
clinic tangle of the 1:3 resonance in the panel (f) of the
figure 1 defines barriers in the chaotic sea that have to
be taken into account to evaluate the splitting. The pa-
rameters of the 1:3 resonance are given by I1:3 = 1.511
and V1:3 = 0.3017.
In this particular case, tunneling mainly takes place
via a two-resonance process, involving the resonances
r1:s1=1:4 and r2:s2=1:3. The effective coupling can be
evaluated by means of the dominant contribution,
V 2eff =
∣∣∣V (n−r1)r1:s1 ∣∣∣2∣∣∣(0)n − (0)n−r1 − s1~ω∣∣∣2
∣∣∣V (n−2r2)r2:s2 ∣∣∣2 , (B7)
with V
(n−kr)
r:s = 〈n− kr|Hˆ(r:s)res |n− (k− 1)r〉 (k > 0). For
Np = 5, the NOON state refers to n = 2. Then, the
NOON time is semiclassically evaluated as
τ =
pi~
2〈∆〉g ' 1.4× 10
2 ~/J, (B8)
compared to the exact time τ = 1.9× 102 ~/J .
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